ABSTRACT. We introduce a differential topological invariant for compact differentiable manifolds by counting the small eigenvalues of the Conformal Laplace operator. This invariant vanishes if and only if the manifold has a metric of positive scalar curvature. We show that the invariant does not increase under surgery of codimension at least three and we give lower and upper bounds in terms of the α-genus.
INTRODUCTION
Throughout the paper let M be a compact oriented differentiable manifold of dimension n ≥ 3. Given a Riemannian metric g on M the Conformal Laplacian L g is defined as
where ∆ g = d * d is the Laplacian and Scal g is the scalar curvature of g. The operator L g is an elliptic differential operator of second order, self-adjoint in
. . be the spectrum of L g , the eigenvalues being repeated according to their multiplicities. Let f be a positive function on M . The Conformal Laplacian of the conformally related metric g = f 4 n−2 g is given by
(1)
Applying (1) to the function u = 1 gives the formula
for the scalar curvature of g.
We now introduce a differential topological invariant of a compact manifold by counting the number of small eigenvalues of the Conformal Laplacian. Definition 1.1. Let M be a compact differentiable manifold. The κ-invariant κ(M ) is defined to be the smallest integer k such that for every ε > 0 there is a Riemannian metric g ε on M for which µ k (L gε ) = 1, |µ i (L gε )| < ε, 0 ≤ i < k.
If no such integer exists set κ(M ) := ∞.
Heuristically, κ(M ) is the dimension of the "almost-kernel" of the Conformal Laplace operator.
By rescaling the metrics g ε accordingly one sees that κ(M ) is also the smallest integer k such that for each constant C > 0 there exists a Riemannian metric g C for which
Hence κ(M ) tells us which is the first eigenvalue that can be made arbitrarily large for appropriate metrics while keeping the preceeding ones bounded.
If we made this definition using the Laplace operator acting on p-forms instead of the Conformal Laplacian, then by Hodge theory the resulting invariant would be nothing but the p th Betti number.
From the fact that the spectrum of M 1 + M 2 is the disjoint union of the spectra of M 1 and of M 2 it follows that
where we use sum notation to denote disjoint unions of manifolds. Also κ(−M ) = κ(M ), where −M denotes M with reversed orientation. The next proposition concerns the relation between κ(M ) and scalar curvature. The following theorem controls the spectrum of L g under surgeries of codimension at least three. This will enable us to examine the behavior of κ(M ) under such surgeries. As an immediate consequence we obtain
Hence for any κ 0 ∈ N 0 the property of having κ ≤ κ 0 is preserved under surgery of codimension at least three. For κ 0 = 0 this means that the property of admitting a metric of positive scalar curvature is preserved under such surgeries. This is a famous by now classical result of Gromov and Lawson [10] . We do not give a new proof of this fact since we use the work of Gromov and Lawson when we prove Theorem 3.1.
As to the case κ 0 = 1 it is interesting to note that the property of allowing a scalar flat metric is not preserved under such surgeries. It follows that the converse of statement (2) in Proposition 1.2 does not hold. For example, the n-dimensional torus T n has a flat metric but no metric of positive scalar curvature [11] . Thus κ(T n ) = 1. Performing surgery in codimension at least three on T n yields a manifold M n not admitting metrics with positive or zero scalar curvature. Yet we have κ(M n ) = 1.
Also note that the condition κ = 0 is not preserved under surgery of codimension 2. Like any compact connected 3-manifold the 3-torus T 3 can be obtained from S 3 by a sequence of surgeries in codimension 2. But we have κ(T 3 ) = 1 > κ(S 3 ) = 0. This also shows that Theorem 3.1 cannot hold for surgeries in codimension less than three.
The κ-invariant measures how close L can come to being a positive operator for some Riemannian metric on M . Since L is positive if and only if M allows a metric of positive scalar curvature one can also view κ as a measure of how close one can get to having positive scalar curvature. Therefore it is not unreasonable to suspect that κ is related to theÂ or α-genus of M , the primary obstruction to allowing metrics of positive scalar curvature. We will see that this indeed is the case. On the one hand we have Theorem 2.4. Let M be a compact spin manifold of dimension n = 4m. Then
As an application we obtain the following isoperimetric result. 
On the other hand we can bound κ(M ) from above in terms of the dimension and the α-genus, at least for simply connected manifolds of dimension n ≥ 5. First we make the following Observation. Let M be a simply connected compact differentiable manifold of dimension n ≥ 5. If M is non-spin or if n ≡ 3, 5, 6, 7 mod 8 then
This comes from the fact that in these cases M is well-known to carry a metric of positive scalar curvature, see [10] , [17] .
In dimensions n ≡ 0 mod 4 the α-genus of a spin manifold is integer-valued and it essentially coincides with theÂ-genus. More precisely, if n = 8l then α(M ) =Â(M ) while if n = 8l + 4 then α(M ) = 1 2Â (M ). Theorem 4.4 Let M be a simply connected differentiable manifold of dimension n ≡ 0 mod 4. Write n = 8l or n = 8l + 4 with l ≥ 1 and let
As a special case we see that for spin manifolds as in the Theorem we have κ = 1 if α = 1. In dimensions n ≡ 1, 2 mod 8 this and the converse is true. In those dimensions we have 
for all sufficiently large p.
In the interesting work [15] the scalar curvature-related Yamabe invariant is studied using similar applications of the surgery and bordism results of [10] , [17] .
The paper is organized as follows. In Section 2 we estimate κ(M ) from below and prove Theorem 2.4. This is achieved by comparing κ(M ) to the dimension of the kernel of the Dirac operator using a spectral comparison principle of Gallot and Meyer. This is another manifestion of a deep relationship between the spectrum of the Conformal Laplacian and the Dirac spectrum which was first observed by Hijazi who compares the lowest eigenvalues in [12] . Another important ingredient is a refined Kato inequality for harmonic spinors. In Section 3 we study the behavior of the spectrum of the Conformal Laplacian and prove Theorem 3.1. This together with standard results from bordism theory is used in Section 4 to derive upper bounds on κ(M ). Manifolds with special holonomy occur as important building blocks. In the final section we study the stable limit and prove Theorem 5.1. Moreover, we discuss the behavior of κ(M ) when M is replaced by a finite covering. It turns out that not much can be said in general, κ can decrease, increase or remain unaltered.
The authors wish to thank Stephan Stolz and the referee for insightful comments.
LOWER BOUND FOR κ
In this section we are going to find a lower bound on κ in terms of theÂ-genus. This will follow from a spectral comparison result relating the kernel of the Dirac operator to the spectrum of the Conformal Laplacian, in the spirit of Gallot and Meyer [8] . The two main technical points of the spectral comparison theorem are the "Hilbertian lemma" of [8] and a refined Kato inequality for the Dirac operator, which we now recall.
Let E be a Riemannian vector bundle over M of real fiber dimension l. Let H be a subspace of
The classical Kato inequality states that |d|ϕ|| 2 ≤ |∇ϕ| 2 wherever ϕ = 0. If ϕ is a harmonic spinor field this can be improved as follows. Denote the (complex) spinor bundle of a Riemannian spin manifold M by ΣM . 
at all points where ϕ is non-zero.
Proof. This proposition is a special case of the general work on refined Kato inequalities in [3] , [4] . For the convenience of the reader we give a simple direct proof. Fix a point p ∈ M at which ϕ(p) = 0 so that |ϕ| is differentiable at p.
where e 1 , . . . , e n is an orthonormal basis of T p M and · denotes Clifford multiplication.
Here we use the real tensor product of the real vector space T p M and the complex vector space Σ p M to obtain a complex vector space T p M ⊗ Σ p M . Equivalently, we could complexify T p M and then use the complex tensor product. Moreover,
It is readily checked that π is independent of the choice of orthonormal basis and that π is an orthogonal projection. Denote the complementary projection 1 − π by π ′ . We compute
Now we return to the harmonic spinor ϕ. Note that
For ε > 0 define the smooth approximation | · | ε of the norm | · | by |ϕ| ε := |ϕ| 2 + ε 2 1/2 . If ϕ is harmonic it follows from the refined Kato inequality that
at points where ϕ = 0. Since {x ∈ M | ϕ(x) = 0} is dense in M for harmonic ϕ we conclude that (5) holds on all of M . Now let M be a compact Riemannian spin manifold and let SM be a sum of copies of the spinor bundle ΣM , or in even dimension a sum of copies of Σ + M and Σ − M , the bundles of positive and of negative half-spinors. Let l be the real rank of SM and let h be the real dimension of the kernel of D 2 acting on sections of SM . Let C(n, l) =
Theorem 2.3. Suppose that for some
Let f be a positive eigenfunction for µ 0 and suppose h ≥ k(l + 1). Theorem 2.1 then gives us a spinor in f
Define the conformally related metric g = f
n−2 ϕ satisfies Dϕ = 0 where D is the Dirac operator defined using g, see for instance [2] . From the Schrödinger-Lichnerowicz formula and (5) we have
Using (1) we compute for the first term
where π K and π K ⊥ are the orthogonal projections onto K and K ⊥ . Letting ε go to zero we get
Using (6) we can estimate the first term of (7) as
From (2) we get for the third term of (7)
Together we have
, which contradicts the assumption in the Theorem. We conclude that h < k(l + 1).
Using Theorem 2.3 we now prove a lower bound for κ(M ).
Theorem 2.4. Let M be a compact spin manifold of dimension
Proof. If κ(M ) = 0 then M has a metric of positive scalar curvature andÂ(M ) = 0, so we assume κ(M ) > 0. Also we assume thatÂ(M ) ≥ 0; if this is not the case then change the orientation of M .
Let p be an integer such that 2p > κ(M ). Choose a Riemannian metric g on M for which
The result follows since
2p < 1 and the other terms are integers.
Since manifolds admitting Riemannian metrics with non-negative scalar curvature satisfy As an application of Theorem 2.4 we obtain the following result saying that under the topological condition |Â(M )| > 2 n/2−1 and under the normalizing condition | Scal | ≤ 1 the manifold has a "neck" of uniformly bounded size. 
n−2 and hence we must have µ 1 (L g ) ≤ C 1 . This implies for the first positive Laplace eigenvalue µ 1 (∆ g ) ≤ C 1 + 4(n−1) n−2 . Cheeger's inequality [5] says that
The corollary follows.
Note that this statement is not true for manifolds admitting scalar flat metrics since one can then rescale the metric without violating | Scal | ≤ 1 and make Cheeger's constant h arbitrarily large. Hence an assumption like |Â(M )| > 2 2m−1 (or rather κ(M ) > 1) is necessary.
SURGERY AND THE CONFORMAL LAPLACIAN
The aim of this section is to study the behavior of the spectrum of the operator
under surgery on the underlying manifold. Here c is a fixed positive constant which could e. g. be c = n−2 4(n−1) . Since the precise value of c is irrelevant for the results of this section, in particular the conformal behavior of the operator plays no role, we will work in this slightly larger generality, still denoting the resulting operator by L g . More specifically, we will show 
As an immediate consequence of this theorem we see that κ does not increase under surgeries of codimension at least three.
If M can be recovered from M by a surgery of codimension ≥ 3 then κ( M ) = κ(M ). This can be done e. g. if M can be obtained from M by surgery of codimension k, 
On the other hand Theorem 2.4 gives us
Note that Theorem 3.1 would not be very meaningful for the Laplace-Beltrami operator, i. e. for c = 0. By a result of Colin de Verdière [6] it is possible to prescribe any finite number of Laplace eigenvalues.
The proof of Theorem 3.1 requires some preparation. First we show that despite the fact that second derivatives of the metric enter into the scalar curvature the eigenvalues of the operator L g depend continuously on the metric g with respect to the C 1 -topology. 
Proof. The quadratic form corresponding to the operator L g is given by
) denotes the L 2 -scalar product with respect to g. No derivatives of the metric enter into (du, du) L 2 (M,g) . Choose a partition of unity χ 1 , . . . , χ r each χ j having its support in a coordinate chart. Then
In local coordinates
where A(g, dg) is an algebraic expression in the g αβ and their first derivatives. The crucial point here is that the second derivatives enter linearly into the expression for Scal g . This allows us to reduce the degree of derivatives of g by a partial integration:
Since χ j has compact support in the coordinate chart there are no boundary terms. Thus
) is the integral of a quadratic expression in u and its first derivatives with coefficients being algebraic expressions in g and its first derivatives. Hence
is the integral of a quadratic expression in u and its first derivatives with small coefficients if g ′ is C 1 -close to g. It follows that
→ g and k is a constant sufficiently large as to make the operator L g + k positive, for example k = | min Scal g | + 1. The lemma now follows from the variational characterization of eigenvalues
and similarly for µ j (L g ′ ).
Remark 3.5. The proof of the lemma also yields a simultaneous eigenvalue comparison for all eigenvalues, not just for the k + 1 first ones. Namely, for each ε > 0 there is a C 1 -neighborhood of g such that for all g ′ in this neighborhood
holds for all j ≥ 0. But we will not need this here.
Next we derive information about the distribution of the L 2 -norm of eigenfunctions. It turns out that only a little bit of the L 2 -norm of eigenfunctions corresponding to low eigenvalues is contained in a region of large scalar curvature. 
For any smooth function u satisfying
the following inequality holds:
Proof. We compute
Hence
and therefore
We will also need some finer control on the distribution of the L 2 -norm on annular regions. For a compact submanifold N ⊂ M and for 0 ≤ R 1 < R 2 define the "annular region"
and the distance sphere The proof was given for spinors in [1] , Lemma 2.4, and it carries over without changes to sections of an arbitrary Riemannian or Hermitean vector bundle equipped with a metric connection. In particular, it holds for functions.
Proof of Theorem 3.1. We introduce the eigenvalue counting function N g : R → N 0 where N g (λ) is the total number of eigenvalues ≤ λ of L g counted with multiplicity. We will show that given ε > 0 and Λ ∈ R there exists a metric g on M such that
for all λ ≤ Λ. The theorem then follows easily.
. Let N ⊂ M be the sphere along which surgery will be performed. Let k be the codimension of N in M . By assumption k ≥ 3. Denote the distance tube of radius r about N by U N (r), that is,
We will first show that given ε > 0 and Λ ∈ R there exists R > 0 such that
for all λ ≤ Λ provided ( M , g) contains an isometric copy of M \ U N (r) for some 0 < r ≤ R.
For r > 0 let χ r : M → R be a smooth cut-off function such that
for all u ∈ E g (Λ). Moreover, there is a constant C 2 > 0 such that
Now for λ ≤ Λ and u ∈ E g (λ − ε) the function χ r u has its support in M \ U N (r) and can hence also be regarded as a function on M . We plug it into the Rayleigh quotient of L g :
For the denominator of the Rayleigh quotient we have
This yields for the Rayleigh quotient
From the unique continuation property of eigenfunctions it follows that the space {χ r u | u ∈ E g (λ − ε)} has the same dimension as E g (λ − ε) itself. Thus we have shown that the Rayleigh quotient of L g is bounded by λ on a space of dimension dim E g (λ) = N g (λ). Hence
For the proof of this inequality the only assumption on g we have made is that ( M , g) contains an isometric copy of (M \ U N (r), g) for sufficiently small r. We may therefore perform surgery inside U N (r) and choose an arbitrary extension g of g| M\UN (r) to the region in M replacing U N (r). In order to show
we will have to make more restrictive assumptions on g.
Let S 0 be a lower bound of the scalar curvature of (M, g). Choose a constant S 1 so large that
By Proposition 2.1 of [1] there is a metric g ′ on M arbitrarily close to g in the C 1 -topology such that for Scal = Scal g ′
Since by Lemma 3.4 the eigenvalues of L g depend continuously on g in the C 1 -topology we may without loss of generality assume that (9) holds for Scal = Scal g .
Next we choose η > 0 so small that
Now choose r > 0 so small that
1/11 is no larger than the R in Lemma 3.7.
We perform surgery along N in the neighborhood U N (r). Hence M is of the form M = (M \ U N (r)) ∪ U. Surgery in codimension ≥ 3 does not decrease scalar curvature too much if the metric g on U is chosen properly, see [10, Proof of Theorem A] and [16, Proof of Theorem 3.1]. We may assume
This means there is an (m + 1)-dimensional space H of functions on M spanned by eigenfunctions of L g for eigenvalues ≤ λ. The space
has the same dimension m+1 as H by the unique-continuation property of eigenfunctions. We consider the elements of H as functions on M (identically 0 on U N (r)). We will show that
We write
.
we get
. (14) The scalar curvature of M satisfies Scal ≥ S 1 ≥ 0 on U ∪ U N (2r) and therefore
Combining (14) and (15) we obtain
. (8) and (10) . This proves (11) and we are done.
Dividing this by (12) yields
(L g v, v) L 2 (M) v 2 L 2 (M) ≤ S 1 − S 0 S 1 − Λ/c λ + (Λ + 1 − cS 0 )η + η 2 = λ + Λ/c − S 0 S 1 − Λ/c λ + S 1 − S 0 S 1 − Λ/c (Λ + 1 − cS 0 )η + η 2 ≤ λ + ε 2 + ε 2 by
UPPER BOUND FOR κ
We are now going to use Corollary 3.2 together with results from bordism theory to prove an upper bound on κ in terms ofÂ for simply connected manifolds. The main technical tool is the deep result by Stolz [17] that a simply connected spin manifold of dimension at least five with vanishing α-genus is spin bordant to a manifold with a positive scalar curvature metric. From Gromov and Lawson [10, Cor. C] we know that non-spin simply connected manifolds allow metrics of positive scalar curvature and hence have κ = 0.
We begin by showing that κ is bounded by the number p n (α) introduced in the following definition.
Definition 4.1. Let n > 0 be an integer and let a ∈ KO −n (pt). If a = 0 let p n (a) = 0, otherwise let p n (a) be the minimum of |π 0 (N )| for all compact, scalar flat spin manifolds N with dim N = n and α(N ) = a.
Compact scalar flat manifolds of a given dimension and with a given value of the α-genus can always be found, for example among manifolds with special holonomy, compare Theorems 4.4 and 4.6. So the minimum in the definition is a well-defined integer. 
. So for simply connected spin manifolds κ depends only on the dimension and on the α-genus.
The next step is to find a concrete bound on p n (α) in terms of α. We need only consider manifolds M of dimension equal to 0, 1, 2, 4 mod 8, since otherwise α(M ) = 0. We begin by looking at the case of dimension divisible by 4.
A scalar flat spin manifold with α = 0 must have special holonomy, and its α-genus is determined by the holonomy group. For the irreducible holonomy groups in dimension n = 4m the cases of non-zeroÂ-genus are
•Â = 1 if m = 2 and Hol = Spin (7), and these cases all occur for compact manifolds, see for instance [13, Theorem 3.6.5] . The manifolds N in Definition 4.1 can thus be taken as disjoint unions of products of manifolds with holonomy from this list, andÂ(N ) is given by the sum of the products of the corresponding values ofÂ. The problem to determine p n (a) is to find a realisation of a given value ofÂ with as few as possible terms in this sum.
We now give an upper bound on p n (a) using manifolds of dimensions 4 and 8 as generators. Let K3 be the K3-surface with a Ricci flat metric, this hasÂ(K3) = 2. Let V i , i = 0, . . . , 4 be spin 8-manifolds with Ricci flat metrics andÂ(V i ) = i. 
This theorem follows from Proposition 4.2 and the following Lemma.
Lemma 4.5. Let n = 8l or n = 8l + 4, l ≥ 1, and let a be an integer. Write |a| = 4
Proof. For simplicity we assume a ≥ 0. If n = 8l we have
The inequality in Lemma 4.5 is in general not an equality. Therefore Theorem 4.4 can still be improved.
In dimensions n ≡ 1, 2 mod 8 we have α(M ) ∈ KO −n (pt) ∼ = Z/2Z. By |α(M )| ∈ Z we mean 0 if α(M ) is zero and 1 otherwise. 
where n = 8l + a, a = 1, 2 and S 1 is the circle with the non-bounding spin structure. From Proposition 4.2 it follows that κ(M ) ≤ 1. Since M does not allow a metric of positive scalar curvature we must have κ(M ) = 1. 
Proof. We have already seen that κ ≤ 1 if the dimension is not divisible by four, so let M be a compact simply connected spin manifold of dimension n = 4m. Since α(M × B p ) = α(M ) we need to find a connected scalar flat manifold N so that α(N ) = α(M ) and dim N = 4m + 8p for some p ≥ 0. 
κ and coverings.
We now examine if there is any monotonicity property of κ(M ) when one replaces M by a finite covering space (or conversely, by a finite quotient). It will turn out that this is not the case.
First we see that sometimes κ(M ) does not change when passing to a finite covering space. For example, if M carries a metric of positive scalar curvature, then so does every covering space M , i. e. κ(M ) = κ( M ) = 0. Similarly, if M = T n is a torus, then for any k positive and integral M has k-fold coverings M , again diffeomorphic to T n . We then have κ(M ) = κ( M ) = 1.
Next we see that κ(M ) can increase when we pass to a finite cover M . Finally, we observe that κ(M ) can also decrease when we pass to a covering. To construct examples pick an exotic sphere Σ n of dimension n ≡ 1 mod 8 with non-trivial α(Σ n ). Such exotic spheres always exist in these dimensions. Let k denote the order of Σ n in the (finite) group of n-dimensional manifolds homeomorphic to (In the reference there is a mistake concerning the coefficient c n making the question slightly different and making the Observation on the same page irrelevant.)
We will now show that the condition in Question 5.2 gives no topological restrictions. Proposition 5.3. Let M be a compact manifold of dimension n ≥ 3 and let 0 < c < c n . Then there is a metric g on M for which ∆ g + c · Scal g > 0.
